Abstract. Numerous studies have explored the special mathematical properties of the diatonic set. However, much less attention has been paid to the sets associated with the other scales that play an important rôle in Western tonal music, such as the harmonic minor scale and ascending melodic minor scale. This paper focuses on the special properties of the class, T , of sets associated with the major and minor scales (including the harmonic major scale). It is observed that T is the set of pitch class sets associated with the shortest simple pitch class cycles in which every interval between consecutive pitch classes is either a major or a minor third, and at least one of each type of third appears in the cycle. Employing Rothenberg's definition of stability and propriety, T is also the union of the three most stable inversional equivalence classes of proper 7-note sets. Following Clough and Douthett's concept of maximal evenness, a method of measuring the evenness of a set is proposed and it is shown that T is also the union of the three most even 7-note inversional equivalence classes.
Introduction
Piston [10, pp. 1-2] begins his classic textbook on harmony by introducing the chromatic scale and what he calls the "fundamental diatonic scales", that is, the major scale and the natural, harmonic and melodic forms of the minor scale. Each of these scale types is listed in Table 1 , together with its associated translational and inversional equivalence classes of pitch class set.
1 Let F denote the translational equivalence class of pitch class sets associated with Piston's "fundamental diatonic scales". Table 1 shows that F = D ∪ H min ∪ M, where D, H min and M are as defined in this table. In this paper, the sets D, H min and M will be called, respectively, the diatonic sets, the harmonic minor scale sets and the ascending melodic minor scale sets.
Numerous studies have explored the special mathematical properties of the diatonic sets (i.e, D) (see [5] for a review). However, as pointed out by Cross Table 1 . Piston's "fundamental diatonic scales" along with their associated translational and inversional equivalence classes of pitch class set.
Common name
Example Pitch class set (P ) et al. [7, p. 233 ], many of these properties are not possessed by the harmonic and ascending melodic forms of the minor scale which clearly "play an extremely significant role in tonal music". In this paper, the focus is on structural properties possessed by all and only those pitch class sets associated with the major and minor scales in all their usual forms.
The sets D and M are each closed under inversion. However, the inversion of a harmonic minor scale set is in the transpositional equivalence class [{0, 1, 3, 5, 6, 8 , 9}] T , denoted here by H maj . This is the set class associated with what Rahn [11, p. 41] calls the "major harmonic scales", an example of which is C-D-E-F-G-A -B-C. This scale type has been recognized within tonal theory since at least the mid-19th century. For example, Hauptmann [8, p. 39] called it the "Moll-Dur-Tonart" (see also McCune [9, pp. 10-11] ) and Schenker [14, p. 89] called it the "second series" in his six "products of combination". A cadential progression that ends with a Picardy third often uses all and only the pitch classes in a harmonic major scale -see Fig. 1 . Let H = H min ∪ H maj . H will be called the set of harmonic scale sets. The set F, associated with Piston's "fundamental diatonic scales" is closed under transposition, but not under inversion. The smallest inversionally closed superset of F is F ∪ H maj which will be denoted by T and called the set of tonal scale sets. T is therefore given by the following equation.
Schenker [14, Chapter 2] describes how six different scales or "series" can be generated from the major and natural minor scales on a given tonic by flattening one or more of the third, sixth and seventh degrees of the major scale (see Table 2 ). These six "products of combination" along with the major and natural minor scales from which they are generated, transposed to all possible keys, give a set of scales that I'll call Schenker's combination scales. The set of tonal scale sets, T , is the set of pitch class sets associated with Schenker's combination scales (see Table 2 ). It follows that T is also the set of pitch class sets associated with scales that can be constructed by combining tonic, dominant and subdominant triads where each can be either major or minor (see Table 2 ). More tightly, T is the set of pitch class sets associated with scales that can be constructed by combining a major dominant triad with tonic and subdominant triads that can each be either major or minor (see emboldened lines in Table 2 ). In other words, T is the set of sets associated with the major scales and scales constructed by flattening the third and/or sixth degrees in these major scales. Table 2 . Scales with tonic C, generated by combining tonic, dominant and subdominant triads that can be either major or minor. T is generated by all 8 combinations as well as by only those combinations containing V (in bold).
Triads
a Scale with C as tonic Pitch class set (P ) 
Minimal Simple Pitch Class Cycles
A pitch class sequence is an ordered set of pitch classes. For example, the pitch class sequence 0, 2, 4, 5, 7, 9, 11, 0 represents one octave of an ascending C major scale. Let S be a pitch class sequence. |S| denotes the length of S which is the number of (not necessarily distinct) elements in S. }. I(S) denotes the interval set of the pitch class sequence S, which is the set of pitch class intervals that occur between consecutive elements in S. For example, I( 0, 2, 4, 0 ) = {2, 8} and I( 0, 4, 7, 11, 2, 5, 9, 0 ) = {3, 4}. J(S) denotes the associated interval sequence of the pitch class sequence S and it is defined as follows:
where i(p 1 , p 2 ) is the pitch class interval from pitch class p 1 to pitch class p 2 . That is,
where µ is the chromatic cardinality ([4, p. 94]). In this paper, µ = 12 unless otherwise stated. From the definitions above, it follows that
If S 1 and S 2 are two pitch class sequences, then S 1 and S 2 are defined to be transpositionally equivalent if and only if |S 1 | = |S 2 | and there exists a single pitch class interval, i, such that i(
A pitch class cycle is a pitch class sequence that begins and ends on the same pitch class. If S is a pitch class cycle and n is an integer, then the function CYC(S, n) cycles S by n steps. That is
Two pitch class cycles, S 1 and S 2 , are cyclo-transpositionally equivalent if and only if there exists an integer n such that S 1 is transpositionally equivalent to CYC(S 2 , n). A simple pitch class cycle is a pitch class cycle that contains no element more than once except the first element which occurs only at the beginning and at the end. For example 0, 2, 4, 2, 0 is a pitch class cycle but it is not simple because 2 occurs twice, and not only at the beginning and the end. 0, 2, 4, 0 is an example of a simple pitch class cycle. A simple pitch class cycle is minimal if and only if there exists no shorter pitch class cycle that has the same interval set. For example, 0, 4, 7, 11, 2, 5, 9, 0 is minimal because there exists no shorter pitch class cycle that has the interval set {3, 4}. Γ(I) denotes the set of minimal simple cycles that have the interval set I. C(I), the set of minimal simple cycle sets for interval set I, is defined to contain all and only those pitch class sets associated with cycles in Γ(I).
Minimal Simple Pitch Class Cycles and the Tonal Scale Sets
It can be shown that T is the set of minimal simple cycle sets for the interval set {3, 4}, that is,
Eq. 6 is important because it expresses a simple mathematical property that is shared by all and only the major and minor scales recognized in traditional tonal theory. It contrasts with those properties of the diatonic set on which recent mathematical work has focused that are not possessed by the common forms of the minor scales. Moreover, Eq. 6 shows how the normal major and minor scales are simply generated by the consonant major and minor third intervals on which tonal harmony is based.
Eq. 6 can be proved by showing separately that T ⊆ C({3, 4}) and that T ⊇ C({3, 4}). Suppose P ∈ C({3, 4}). There therefore exists a minimal simple cycle, S, such that
Moreover, there is no shorter sequence than S that satisfies Eqs. 7-10. Eq. 10 implies that J(S) contains x intervals of size 3 and y intervals of size 4 where x, y ≥ 1. Eq. 9 implies that x + y = |P | .
Eq. 8 implies that the sum of the intervals in J(S) is 12n where n > 0 and n ∈ Z. Therefore 3x + 4y = 12n , where n > 0, n ∈ Z .
S is minimal, so x + y must be a minimum. n = 2 is the smallest value of n that satisfies Eqs. 11 and 12. Therefore y = 3 and x = 4. The 3 intervals of size 4 cannot be consecutive in J(S) as this would either cause a pitch class other than the initial one to be repeated or it would cause the initial pitch class to occur three times. If J(S) has two consecutive 4s separated from the third 4 by one interval of size 3, then S will be cyclo-transpositionally equivalent to 0, 4, 8, 11, 3, 6, 9, 0 , implying that P ∈ H maj . If the two consecutive 4s are separated from the third 4 by two 3s, then S will be cyclo-transpositionally equivalent to 0, 4, 8, 11, 2, 6, 9, 0 , implying that P ∈ M. If the two consecutive 4s are separated from the third 4 by three 3s, then S will be cyclo-transpositionally equivalent to 0, 4, 8, 11, 2, 5, 9, 0 , implying that P ∈ H min . If there are no consecutive intervals of size 4, then S will be cyclo-transpositionally equivalent to 0, 4, 7, 11, 2, 6, 9, 0 , in which case P ∈ D. This argument is summarised in Table 3 . This accounts for all the cyclo-transpositionally distinct possibilities. Table 3 . Column headed J(S) shows the five cyclically distinct ways of arranging 3 intervals of size 4 and 4 intervals of size 3. [P(S)]T and [P(S)]I give the translational and inversional equivalence classes, respectively, associated with the given pitch class cycle. We now need to show that T ⊆ C({3, 4}). Let H 1 ∈ H maj , M ∈ M, H 2 ∈ H min and D ∈ D. There therefore exist simple cycles H 1 , M, H 2 and D that are transpositionally equivalent to, respectively, 0, 4, 8, 11, 3, 6, 9, 0 , 0, 4, 8, 11, 2, 6, 9, 0 , 0, 4, 8, 11, 2, 5, 9, 0 and 0, 4, 7, 11, 2, 6, 9, 0 , such that
J(S) [P(S)]T [P(S)]I
and D each contain 3 intervals of size 4 and 4 intervals of size 3, therefore
) and so (from Eq. 1) T ⊆ C({3, 4}). This, in conjunction with Eq. 13, implies Eq. 6.
Minimal simple cycle sets and interval set inversion
If i is a pitch class interval, then the inversion of i, denoted INV(i), is given by INV(i) = (−i) mod µ where µ is the chromatic cardinality. If I is a pitch class interval set, then the inversion of I is given by
Lemma 1. If S is a pitch class sequence, then I(ρ(S)) = INV(I(S)).
Proof From Eq. 4, INV(I(S)) = INV(
This and Eq. 14 together imply that INV(I(S)) =
Theorem 1. If I is a pitch class interval set, then C(I) = C(INV(I)).
Proof Let P ∈ C(I). There therefore exists a minimal simple cycle, S, such that P = P(S) and I(S) = I. Let R = ρ(S). From Lemma 1 it follows that I(R) = INV(I(S)) = INV(I). S is a simple cycle, therefore so is R. R is therefore a minimal simple cycle for INV(I) provided there is no simple cycle shorter than R whose interval set is INV(I). We'll suppose Q ∈ Γ(INV(I)) and that |Q| < |R| and show that this leads to a contradiction. I(Q) = INV(I), therefore I(ρ(Q)) = I (from Lemma 1). ρ(Q) is therefore a simple cycle shorter than R whose interval set is I. But R is the same length as S so this would mean that Q is shorter than S, which is impossible because S is a minimal simple cycle for I. Therefore Q cannot exist and R ∈ Γ(INV(I)). But P = P(S) = P(R), therefore P ∈ C(INV(I)) and so C(I) ⊆ C(INV(I)). If we now let J = INV(I), then C(J) ⊆ C(INV(J)) and so C(INV(I)) ⊆ C(I). Since C(INV(I)) ⊆ C(I) and C(I) ⊆ C(INV(I)), it follows that C(I) = C(INV(I)).
Theorem 1 and Eq. 6 together imply that T = C({8, 9}).
Minimal Simple Cycle Sets and the Diatonic Spectra
A pitch class sequence is simple if and only if it contains no pitch class more than once. If P is a pitch class set, then the associated ascending simple sequence of P , denoted S(P ), is the simple pitch class sequence that contains every pitch class in P , exactly once, sorted into ascending order. For example, S({3, [4, p. 95] , let the k-spectrum, e k (P ), of a pitch class set, P , be defined as follows:
where k ∈ Z and 1 ≤ k < |P |. For example, the 1-spectrum of {0, 2, 4, 5, 7, 9, 11} is {1, 2} and the 2-spectrum of the same set (a diatonic set) is {3, 4}. If p is a pitch class, i is a pitch class interval and P is a pitch class set, then the transposition of p by i is given by TRAN(p, i) = (p + i) mod µ where µ is the chromatic cardinality and the transposition of P by i is given by TRAN(P, i) = p∈P {TRAN(p, i)}. The following theorem is easy to prove.
Theorem 2. If P 1 and P 2 are transpositionally equivalent pitch class sets, then e k (P 1 ) = e k (P 2 ) for any given value of k.
If S ⊆ [P ]
T for some pitch class set P , then Theorem 2 allows us to define e k (S) to be the k-spectrum common to every pitch class set in S (for some specified value of k). We can therefore state that e 2 (D) = {3, 4} and that e 5 (D) = {8, 9}. In general, e k (D) is the diatonic k-spectrum. Therefore, from Eq. 6 and Theorem 1,
If S ⊆ [P ] T for a pitch class set, P , then the spectrum set of S, denoted by E(S), is defined to be equal to {e k (S) | 1 ≤ k < n} where n is the cardinality of a pitch class set in S. E(D) is therefore the set of diatonic spectra. Table 4 shows the set of minimal simple cycle sets for each diatonic spectrum.
As can be seen in Table 4 Table 4 . The set of minimal simple cycle sets for each diatonic spectrum, C(e k (D)). minor scale" or "whole tone scale with filler tone". Table 4 also illustrates the following lemma.
Lemma 2. If S ⊆ [P ] T for some specified pitch class set, P , then e k (S) = INV(e n−k (S)) where 1 ≤ k < n and n = |P |.
We can then infer the following theorem, also illustrated in Table 4 .
Theorem 3. If S ⊆ [P ]
T for some specified pitch class set, P , then C(e k (S)) = C(e n−k (S)) where 1 ≤ k < n and n = |P |.
Proof From Theorem 1 we know that C(e k (S)) = C(INV(e k (S))). But Lemma 2 tells us that e k (S) = INV(e n−k (S)). Therefore C(e k (S)) = C(INV(INV(e n−k (S)))). Therefore C(e k (S)) = C(e n−k (S)).
If S ⊆ [P ] T for some specified pitch class set, P , then let C(S) = e∈E(S) C(e). As can be seen in Table 4 ,
In other words, the set of minimal simple cycle sets associated with the diatonic spectra is equal to the union of the set of tonal scale sets, T , and the set of sets associated with what Rahn [11, p. 37] calls the "whole-tone scale with filler tone", W.
C(D) and contradictions
The concept of a contradiction discussed by Rahn [11, p. 36 ] and Clough and Douthett [4, p. 125] can be defined as follows.
Definition 1. If P is a pitch class set and there exist integers, j, k, and m such that i(S(P )[ ], S(P )[m]) > i(S(P )[j], S(P )[k])
and (m − ) mod |P | < (k − j) mod |P |, then this is a case of contradiction.
Let a non-contradictory set be one that has no contradictions. Let R µ,n denote the set of non-contradictory sets of cardinality n when the chromatic cardinality is µ. Rahn [11, p. 37] observes that R 12,7 = D ∪ M ∪ H ∪ W. From Eq. 17 above, it follows that C(D) = R 12,7 . That is, a set is a minimal simple cycle set for a diatonic spectrum if and only if it is a non-contradictory set of cardinality 7.
The Anhemitonic Pentatonic Scale and the Major Dominant Ninth Chord
An interval set I is contiguous if and only if there exist j and k such that I = {i|j ≤ i < k}. Each diatonic spectrum is a contiguous set of the form {i, i + 1} where i ∈ {1, 3, 5, 6, 8, 10} (see Table 4 ). Each of these spectra has an interesting set of minimal simple cycle sets associated with it, which makes one wonder what the minimal simple cycle sets might be for interval sets of the form {i, i + 1} where i ∈ {1, 3, 5, 6, 8, 10} -that is, where i ∈ {2, 4, 7, 9}. This set of contiguous-pair interval sets is equal to the spectrum set of the usual, "black note", anhemitonic pentatonic scale, {F ,G ,A ,C ,D }, that is, E(P) = {{2, 3}, {4, 5}, {7, 8}, {9, 10}, } where P = [{0, 2, 4, 7, 9}] T = [{0, 2, 4, 7, 9}] I . Let us call E(P) the set of pentatonic spectra and e k (P) the pentatonic k-spectrum. It can readily be shown that C(e 2 (P)) = C(e 3 (P)) = P and that C(e 1 (P)) = C(e 4 (P)) = P ∪ N where N = [{0, 2, 4, 6, 9}] T = [{0, 2, 4, 6, 9}] I . N is the set of sets associated with the complete major dominant ninth chords (see, e.g., Piston [10, pp. 334-346] ). It therefore follows that C(P) = P ∪ N .
There are intriguing parallels between the sets of minimal simple cycle sets for the diatonic spectra and those for the pentatonic spectra. First, for k-spectra where k ∈ { |P |/2 , |P |/2 }, the minimal simple cycle sets are diatonic if P is diatonic and pentatonic if P is pentatonic. For the other spectra, the minimal simple cycle sets include other scale or chord types as well as the diatonic /pentatonic sets: for the other diatonic spectra, the other scale types generated are the harmonic major and minor, the ascending melodic minor and the "whole tone plus filler tone" scales; for the other pentatonic spectra, the other set class that emerges is that associated with the complete major dominant ninth chord. From the perspective of minimal simple cycle sets, the relationship between the major dominant ninth set and the pentatonic scale set is analogous to that between the diatonic set and the minor scales. Moreover, just as the set complement of a diatonic set (D) is a pentatonic scale set (P), so the set complement of an ascending melodic minor scale set (M) is a major dominant ninth set (N ).
C(D), C(P) and Rothenberg's Concept of Propriety
Let x, y, z, w, k and be any six tones on a continuous frequency scale, S, and let (hj) denote the undirected interval between tones h and j. Rothenberg [12, pp. 206-207 ] defines a function F (hj) that maps all musical intervals, (hj) ∈ S × S, onto a set of discrete points called the code. Such a mapping is defined to be proper if and only if
Rothenberg defines a contradiction to be any violation of this condition (i.e., F (kl) > F (zw) or F (kl) < F (xy)). If S is a discrete set of pitches (e.g., the ones that can be produced on a normal piano) and we define a specific interval to be one between pitches in this discrete S and a generic interval to be the code onto which each specific interval is mapped, then a contradiction in Rothenberg's sense occurs when the ordering of two specific intervals is the opposite of the ordering of their corresponding generic intervals. 
where (xy) ∼ (zw) means that the intervals (xy) and (zw) sound the same. Thus, for a mapping to be strictly proper, the range of intervals that maps onto a given code must be contiguous and must not overlap with the range of intervals that map onto some other code. If Eq. 19 is not satisfied (i.e., two intervals, that sound the same, map onto different codes), then Rothenberg calls this an ambiguity. In the special case where S is discrete, Rothenberg's concept of ambiguity is therefore identical to that of Rahn [11, p. 36 ] and Clough and Douthett [4, p. 125] , despite the fact that neither of these more recent papers attributes the concept to Rothenberg. Rothenberg [12, p. 207 ] defines an ambiguous interval to be one that is mapped by F onto more than one code. If P is the range of F , then the stability of P is the ratio of the number of non-ambiguous undirected intervals in P to the total number of undirected intervals [13, p. 354] . For example, the stability of the diatonic set is 20 21 . If P and Q are pitch class sets, then (following Rothenberg [13, p. 369] ) Q is a sufficient set for P if and only if P is the only element of [P ] T that contains Q; and Q is a minimal sufficient set for P if Q is a sufficient set for P and does not contain any proper subset which is also a sufficient set for P . Let S i be any pitch class sequence that contains every element of P exactly once. There are therefore (|P |)! distinct sequences S i . Now let s i be the length of the shortest prefix of S i whose associated pitch class set is a sufficient set for P . The average value of s i over all sequences S i for a pitch class set P is given by σ(P ) = ( i s i )/(|P |!) and Rothenberg [13, p. 370 ] defines the efficiency of P to be ε(P ) = σ(P )/|P |. The efficiency of a set P is therefore the average size of a sufficient set for P as a proportion of the size of P . It indicates how much of a set needs to be presented on average in order for it to be distinguished from its transpositions. Table 5 lists every proper inversional equivalence class of 5-and 7-note sets for a chromatic modulus of 12, together with its stability and efficiency. Note that a proper set is strictly proper if and only if its stability is 1. This table reveals a number of interesting facts. First, if we rank the inversional equivalence classes of proper 5-note sets into decreasing order by, first, stability and then efficiency, then the union of the two highest-ranked classes is equal to C(P) = P ∪ N . Next, the set of proper 7-note sets is equal to C(D) = R 12,7 . Finally, the union of the three most stable inversional equivalence classes of proper 7-note sets is equal to T , the set of tonal scale sets. We can speculate that the rather low stability of W may be related to the fact that it seems to have been used much less commonly by composers than the other minimal simple cycle sets for the diatonic spectra. 10 Measuring the evenness of a pitch class set Clough and Douthett [4, p. 96 ] define a set to be maximally even if and only if every spectrum of the set is either a single integer or a pair of consecutive integers. However, they do not suggest how the evenness of a set might be measured. Figure 2 represents the diatonic set {0, 1, 3, 5, 6, 8, 10}. Each pitch class in the set is connected to the centre of the diagram by a radial line segment. The arcs represent springs that start and end on these radial line segments. Suppose all the springs actually connect to the radial line segments at the same distance from the centre (despite the way the diagram is drawn). Suppose also that every spring is constrained in some frictionless way to lie on the circumference of a circle whose centre is at the centre of the diagram. Assume each spring obeys Hooke's law and that they all have the same spring constant k. The potential energy stored in a spring is u(∆x) = k 2 (∆x) 2 , where ∆x is the difference between the length of the spring and its resting length. A spring is defined to be at its resting length when the angle between the two pitch classes that it connects is the angle that would be between them if all the pitch classes in the set were perfectly evenly distributed around the circle.
If p 1 and p 2 are two pitch classes in a pitch class set P , then let the diatonic interval, d(p 1 , p 2 , P ), be defined to be (POS(p 2 , S(P ))−POS(p 1 , S(P ))) mod |P | where POS(x, S) is the index of the first occurrence of x in S (or null if x is not in S). For a pitch class set P , the resting length of the spring connecting p 1 and p 2 is 2πrd/|P | where d is the diatonic interval associated with the lesser of i(p 1 , p 2 ) and i(p 2 , p 1 ) and r is the distance from the centre to the spring. If we suppose that r = 1/(2π), then the resting spring length reduces to d/|P | and the actual spring length is equal to c/µ where c is the smaller of i(p 1 , p 2 ) and i(p 2 , p 1 ). ∆x for a spring is therefore We can use this potential energy as a measure of the "unevenness" within P of the interval between the two pitch classes connected by the spring. We can then sum the potential energies of all the springs to get a measure of the unevenness of P . Formally, if P is a pitch class set and p 1 , p 2 ∈ P , then the unevenness associated with the pair of pitch classes p 1 and p 2 is
The unevenness of the set P is then given by
When the unevenness of a set is measured in this way, it turns out that: (1) the set of non-singleton, perfectly even sets (i.e., the ones that have an unevenness of 0 and a cardinality greater than 1) is equal to the set of minimal simple cycle sets for interval sets of cardinality 1; (2) T is equal to the union of the three most even 7-note inversional equivalence classes; and (3) C(P) is equal to the union of the two most even 5-note inversional equivalence classes.
Note that T is not the union of the three most even 7-note inversional equivalence classes when certain other measures that have been proposed in the literature are used to measure evenness. Table 6 shows the 7-note set classes that are judged to be most even using Eq. 21 along with their ranks using Block and Douthett's measure [2, pp. 32-35] . Note that C(D) is a subset of the union of the set classes with the highest 4 ranks when evenness is calculated with either measure. However, T is no longer the union of the three most even 7-note classes when Block and Douthett's measure is used. This may suggest that the measure defined in Eq. 21 is a better model of intuition than that proposed by Block and Douthett, a hypothesis that could be investigated further by carrying out appropriate psychological experiments. 
Summary of main results
The set F = D ∪ M ∪ H min is the set of pitch class sets associated with what Piston [10, pp. 1-2] calls the "fundamental diatonic scales". The smallest inversionally closed superset of F is the set T = F ∪ H maj where H maj is the set of sets associated with the harmonic major scales. In this paper, T is called the set of tonal scale sets as it contains all and only those sets associated with the usual major and minor scales. It has been shown that the set T is equal to:
It was also shown that the set of non-contradictory 7-note sets, R 12,7 is equal to the set C(D), that is, the union of the sets of minimal simple cycle sets for the diatonic spectra.
Finally, it was shown that the union of the sets of minimal simple cycle sets for the pentatonic spectra, C(P), is equal to P ∪ N where N is the class of pitch class sets associated with the complete major dominant ninth chord. The relationship between N and P is therefore analogous to that between D and the other tonal scales. C(P) is also:
1. the union of the two most highly-ranked inversional equivalence classes of proper 5-note sets when these are sorted by stability and then efficiency; 2. a subset of the union of the 5-note inversional equivalence classes with the two highest coherence quotients (as defined by Carey [3] ); and 3. the union of the two most even 5-note inversional equivalence classes (when evenness is measured using the spring-based method proposed in Sect. 10).
